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contenu 

• 1. La modélisation stochastique des phénomènes de 
population   

       (La dynamique  générale des interactions  entre deux espèces;  le cas particulier du 
système de Lotka-Volterra (LV); les étapes de la modélisation stochastique 
d’évènements;  le modèle différentiel stochastique ); 

• 2. Le système stochastique sans retard de Lotka-Volterra  
       ( Le système différentiel stochastique (SDS) du modèle sans surpeuplement des espèces 

;  les trajectoires bruitées du système par MatLab; le SDS  du modèle avec 
surpeuplement des espèces;  les conséquences du bruit sur la trajectoire en cas de 
surpeuplement des proies par MatLab); 

• 3. Le système stochastique  à retards de Lotka-Volterra  
        (Le système LV à retards généralisé à plus de deux espèces; le modèle  LV à paramètres 

stochastiques; la probabilisation  généralisée  à tous les paramètres; la stabilité globale 
asymptotique en probabilité un). 
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1.A Formulation for 2 and more species 
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1.B General population system 

Systèmes LV  stochastiques  à retards (A.. 
Keller, U. Lille 1, 07/12/2011) 

4 



1. La modélisation stochastique 
des phénomènes de population 



1C. Steps of the stochastic 
modeling process :  

step  1:  population events 
and probabilities 

• independent events (births, 
deaths and transformations): one 
event  in each infenitesimal time 
intervals (i.e. multiple events are 
neglected) 

•  line 1: +1 birth in the 
population 1; the corresponding 
probability  p1 is proportional to 
the density  x1. 

•  line 5: one member  of the 
population 1 changes his 
characteristic (the original 
population 1 changes by  -1) into 
that of the destination population 
2 (population 2 changes by +1); 
the corresponding probability is 
proportional to the density of the 
original population. 
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1C. Steps of the stochastic 
modeling  process :  

step  2:  expectation vector of 
and covariance matrix 

• find the mean change expectation 
and the covariance matrix V of the 
population changes  for an 
infenitesimal time interval. 

• the 2x2 symmetric matrix  V, which  is 
positive definite, has a positive square 
root B (involved by the modeling 
procedure) 
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1C.  Steps of the stochastic 
modeling process : 

step 3:  stochastic differential 
system 

• several methods for the square root 
matrix determination: 1) Allen’s 
formula for a 2x2 matrix V; 2) 
diagonalization of the nxn symmetric 
matrix V; 3) direct numerical 
procedure by Lakic & Petkovic (1998) 
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 2. Le système stochastique sans 
retard de Lotka-Volterra 



2.A  Stochastic Lotka-Volterra 
system without delays : 
variant 1: the  PP system  
without  overcrowding 

•  a competion system  between two 
species without internal competition 
(no overcrowding for low densities of 
the populations); 

• the mean vector is the drift of the 
SDE, and square root matrix B is the 
diffusion of the process 
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2.A  Stochastic Lotka-Volterra 
system without delays : 
variant 1: the PP system  
without  overcrowding  
(followed) 

• the  parameter values of the 
numerical application: b1=d2=2, 
c1=0.01,c2=0.002. 

•  the figures picture the deterministic 
and stochastic trajectories. 

• both figures have a cyclical pattern 
around the nonzero equilibrium 
E(100,200). 

•  the noise perturbes the trajectories. 
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2.B  Stochastic Lotka-Volterra 
system without  delays : 
variant 2: the   PP system  

with  overcrowding 

•  Preys and predators come into 
competition with themselves, as a 
consequence of a population 
overcrowding phenomena (e.g;. Food 
limitations) 

• This phenomena introduces  new 
factors (beta times density) into the 
system  

• The stochastic differential matrix 
equation introduce the new parameter  
sigma, which scales the noise. 
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2.B  Stochastic Lotka-Volterra 
system without delays : 

variant 2: the  PP system  with  
overcrowding  (followed) 

• the PP model is prey-overcrowded 

• the  parameter values of the 
numerical application: b1=d2=2, 
c1=0.01,c2=0.002, beta=0.0133 

 

• the figures picture the globally 
asymptotically convergent 
deterministic and stochastic trajectory. 

• both figures have a spiral pattern 
directed towards the nonzero 
equilibrium E(112.5,50). 

•  the noise perturbes the trajectories. 
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3. Le système stochastique  à 
retards de Lotka-Volterra 



3A. Generalized stochastic 
system with delays : 
outline 

• the LV differential system  with delays 
is generalized to n species  

•  In a noisy environment , only the 
intrinsic growth rates are perturbed. 

• a stochastic differential matrix 
equation is obtained 
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3A. Generalized stochastic system  
with delays : properties 
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3B. Application : the food 
chain 

•  one prey population and two 
predator populations (one is 
intermediate and the other is superior) 

•  for this application, two conditions 
are to be satisfied to have a globally 
asymptotically stable equilibrium with 
the probability one. 
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Fin de la présentation 

Merci pour votre présence 


