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B. Research’s history on fuzzy games

(Zadeh): conception of the Fuzzy Set Theory
1974 (Aubin): cooperative games with fuzzy coalitions
1976 (Cook): zero-sum games with multiple goals

1978- (Butnariu): fuzzy 2-person non cooperative games;  solution
concepts for n—persons fuzzy games

1980 (Dubois & Prade): LR-representation for computations
1983 (Chanas): parametric programming in FLP

1984 (Buckley): uncertainty of strategies and multiple fuzzy goals
1986- (Ponsard): imprecise preferences and uncertain payoffs

1989 (Campos): solving matrix games with fuzzy payoffs based on
ranking functions and LP methods.

1992- (Sakawa & Nishizaki): multiobjective matrix and bimatrix games
with fuzzy payoffs and fuzzy goals

2000 (Maeda): concepts of equilibrium

2001 (Sakawa): large scale interactive fuzzy multiobjective
programming

2004 (Bector et al.): LP methods for solving matrix and bimatrix games
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C. Application to economics

Production model (Owen, 1975;Molina & Tejada, 2006;Nishizaki
& Sakawa, 2000): multiple DMs pool resources to produce
goods in a fuzzy environment; the total revenue from selling is
maximized subject to constraints -> cooperative game theory

Management of technology (MOT) (Chen & Larbani, 2006):
optimal strategies in product development of nano-materials
with MADM (Multiple attribute decision making)-> parametric
bimatrix game

Production inventory model (Park, 1987; Lee & Yao, 1998;
Chang, 1999; Lin & Yao, 2000; Chen & Wang & Chang, 2006):

imperfect production processes ; fuzzy inventory cost, fuzzy
demand and production quantity, fuzzy quality of goods

Oligopolistic competition (Greenhut & Greenhut & Mansur,
1995): fuzzy industry size, fuzzy interdependance,
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| - Fuzzy environment for
games

1. LR-representation of fuzzy numbers
(FNs)

2. Membership functions (MFs) shapes
3. Arithmetic operations on FNs
4. Lattice on FNs
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|.1 LR-representation of FNs

Besides of the usual "true” and "fa
statements in the r rld of the decision ma
"possible”, st s hardly fulfi
derable larger to’

numbers

J e < 1 means
This function

oN 0.2 (LR-type v number). A FN , ot J is LR

exist reference functions L (for left) and R (for vight, and positive
such that

A

LR

L((5-x)/4) R((x-5)/2)

R((x-5)/2)
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1.2 Membership function shapes

Ramp-type MF Sigmoidal MF
1 M (X)
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Triangular MF
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-||”H| 1.3 Arithmetic operations on
FNs (1/2)
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'I|”H| 1.3 Arithmetic operations on FNs
(2/2) . extented addition

0.2 (First De ition | ). For ev . we have
sup

and " v (Addition
re ' \rrandb = (

Fora = (2,1,1) and

0, otherwise.
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I
“” |.4 Lattice on FNs

1 7/42 512 3
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Il — Single objective fuzzy two
person matrix games

1. Equivalence theorems

2. Fuzzy LP problems

3. Matrix games with fuzzy payoffs
4. Matrix games with a fuzzy goal
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T |
m || |.1 Equivalence theorems

L Equivalence theorems Equivalence to LP problems

Bimatrix game [kl)ll'.'.cm—il;‘mgamcs we have B = —A. The QP problems degenerate to two dual
: ) problems. ‘e have

Two players I and II have mixed strategies given by the n-dimensional vector

x and the m-dimensional vector y, respectively. The payoffs of players I and max

IT are the n x m matrices A and B, respectively. Let e, be an n-dimensional subject to

vector of ones, e, having a dimension m. The objective of player I will be: A

{maxy x’Ay subjectto e’'nx = 1, = = 0}. The objective of player I will then

be: {max, x'By subjecttoe],y =1, y = 0}

X < —vye,,
e'px =1,
x = 0.
Equivalence to QP problems
DerFINITION 0.1 Nash equilibrium. A Nash equilibrium point is is a pair of
strategies (x*,y*) such that the objectives of the two players are full filled simul-
taneously. We have

min o
X.x

subject to
Ay < aem,

e’my =
xAYY = max{x'Ay*le,x =1,x = 0} —
X

Ay = max{x"Aylen.y =1,y > 0}
¥

Applying the Kuhn-Tucker necessary and sufficient conditions, we have Numerical example with Mathematica:

THEOREM 0.2 (Equivalence Theorem). A necessary and sufficient condition P
that (x*,y") be an equilibrium point is it is the solution of the QP problem o
) Ri={(2, -1}, -1 100 Bz (41, <13, (-1, 2% xa= o, by o=dd, y2die= {1, 1)
max x'A+By—a—0
x .y 3 Timing [Maximize [Rationalize[
{x.(R+B).y-a-f,
RI]ys o A2y s a b6
Transpose[B][[1]].x< p && Transpose[B][[2]].x < f &€
eX=1ékey =14k
¥le 086 x2 : 0&Eyl = 0&EY2 = 0)],

(u1, %2, 1, 72, ¢, Y]]

T S T T B
{51.375,{D,{xlq5,x2<§,qug,yz-)g,ﬂqg,ﬁqg}}
where «v, 3 € R are the negative of the multipliers associated with the constraints.

PROOE see O.L. Mangasarian and H. Stone (1964).pp. 350-351.00 e

461,375, {0, {xL 0.6, 20,4, 9L 504, y250.6, a+0.2, §40.2}}}
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|.2 Standard fuzzy LP problem

4. Nume
This nume
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payoffs (1/2

Problem of the Player 1
The fuzzy matrix game problem of the Player I in a fuzzy environment is

me

subject to

The payoffs of Player I a;; are fuzzy numbers of §(R) whose values are known
with imprecision. The fuzzy inequality = tells that the decision maker (DM) will
allow some violation in the accomplishment of the constraint.

al changing of the variables

Letchange the variables into
L then

Introducing ranking functions
For solving the FLP problem in canonical form, we apply the following
cedure : ranking functions are introduced to compare both fuzzy sides of the
inequality, and solving a parametric LP problem. The problem of the player I is
transformed to

The FNs p;'s are the maximum violation that the player will allow for the con-
straints.

1.3 Matrix Game with fuzzy

6. Problem of the Player 11
e fuzzy matrix game problem of the Player Il in a fuzzy environment is
min u

subject to

1

The losses of Player I a;; are fuzzy numbers of whose values are known
with imprecision. The fuzzy inequality = tells that th ision maker (DM) will
allow some violation in the accomplishment of the constraint.

7. Classical changing of the variables

The RHS of the fuzzy inequality is transformed to a crisp number.

Introducing ranking functions
For solving the FLP problem in canonical form, we apply the following pro
cedure : ranking functions are introduced to compare both fuzzy sides of the
inequality. and solving a parametric LP problkem. The problem of the player Il is
transformed to

subject to

The FNs g;’s are the maximum violation that the player will allow for the con-
straints.
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payoffs (2/2)

Solving the au
ij of Player I be a triangular FNs be expressed by a;;

- are the lower and the upper limit of the support,
two sides of the inequality may render the following

Let the payoffs
. where a
Ranking the

arametric LP problem

Numerical example

This numerical example is due to Campos (1989). The fuzzy payoff matrix of
Player I is
i 180
90

The FNs are defined by 180 = (180,17 1 156,150, 158), 90
90, 80, 100). The fuzzy margins 2 (0.10,0.08,0.11) for the Player
L

FLP problem

min uy

subject to

0.10(1 — a
0.10(1

>0, a € (0,1

Auxiliary problem
min - up
subject to

0.29(1

Solution
We have r*

"'”‘” 1.3 Matrix game with fuzzy

Solving the auxiliary problem
Let the losses aij of Player Il be a triangular FNs be expressed by aij
re the lower and the upper limit of the support, re-
ality may render the fol

10.  Numerical example
The fuzzy losses matrix of Player Il is

(156, 150, 158), 90
0.15,0.14,0.17) for the Play

(180

The FNs are defined by 180

90, 80, 100). The fuzzy margins are gy
1

FLP problem

subject u
0.15(1 — a)

0.15(1 - a)

< 51 4

subject to

3+ 0.46(1 — a)
+ 0.46(1

0, ac

Solution
We have y* = (0.23,0.77) and w(a)

17
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Let the single-objective matrix game G = ( ) with fuzzy goals where
S™ and S™ denote the compact convex strategy space of Players, such that S™
{xcR?, e’x =1} and S" = {y ¢ » ey }. and where A € R™*" is the
payoff matrix of the game with real entries.

1. Fuzzy goal of the Player |
For any pair od strategies (r a membership function y(r, y) depends on

expected payoff XAy. Assume that the degree of satisfaction increases linearly.
we have

0, XAy < a,

where a and a are the best and the worst degree of satisfaction to the Player I,
hese extremal values are determined by

j

min a;;

embership function of the fuzzy goal is of the shape

Player T " x

2. Player I's maximin solution
T'neorem 0.1 (Maximin sol For a single-objective two person marrix
. the Player I's max ltatic re. a
mal solut

1.4 Matrix games with a fuzzy goal (1/2)

Fuzzy goal of the Player I1
For any pair od strategies (r, v) amembership function depends on the
expected payoff xAy. Assume that the degree of satisfaction increases linearly,
we have

where a and a are the worst and the best degree of satisfaction to the Player I,
espectively. These extremal values are determined by

mMAX XAy = ma
v :

vishizaki and Sakawa (2001), p. 41.

Player II's minimax solution
0.2 (Minimax s 1). For a single-objective two person matrix
a linearly al fi n, the Player 11 max solution w.rt. a
e of achie ual to an optimal solution to the LP
problem
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m || 11.4 Matrix game with a fuzzy goal (2/2)

3. Numerical example
In the Cook’s example, a 3 x 3 payofl matrix is given by

We havea =6anda 2. Then, we have to solve the LP problem
max A
‘.'u

subject to

5]

2 = BA,
¥
" - ¥ = =
The results of Player I are
Cpbimality with famny goad [Flaoyes B
iz [ A,
(OIEaN]-= - ey f o - mar) o, (B[R] - amep e - o] e 2y (RIIRLD. &~ ) F ol - o) = 4,

Kl awl= 1, vl O, &2 ¢ 0, 63 ¥y, (=1, ¥, 0k, Aj)

R @530ES, (0] - BatPh, 2 e 06 1205 003 e s o s D B ZLE RN

6.  Numerical example
In the Cook’s example. 2 3 x 3 payoff matrix is given by

Wehave a —6and a 2. Then we have to solve the LP problem

min A
yA

subject to

The results of Plaver I are
vesy oo (Flayw
DO aef (2
AUy aw) fdabscawd s 2ol, CREIR)) y- o) 2 Qb - amvd & A <0, {AIID)) .7 @) flas aw)s Aol

YlogPogto L yis 0, 9250, y350), (92, 92, 70, 2))

(“EL SAE07, (¥l = D.615, y2wd., Yi=D
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I1I- Multiobjective fuzzy two
person matrix game

1. Multiobjective matrix game with fuzzy
goals

2. Multiobjective matrix game with fuzzy
payoffs and fuzzy goals
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111.1 Multiobjective matrix game with
fuzzy goals (1/2)

h linear MFs
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I11-1 Multiobjective matrix game wi
fuzzy goals (2/2)

Nishiz

Numeric
In the Cook’s e

i) )3 5 3, O % P
e o) G ) A, PRI} - ) £ - ) 2 0
K G ) € A, (B . T
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111.2 Multiobjective matrix game with
fuzzy payoffs and fuzzy goals (1/3)

the mul

Lefi spread (| Right spread (R)
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111.2 Multiobjective matrix game with
fuzzy payoffs and fuzzy goals (2/3)

() mm-{
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lem fic
oblem

- e} FAFLLILN] -z ] - war]) 3 @,

-} FAFL ]2
% ~awl} FAFLLINT]-x + alkl - arl) =

Sakawa’s direct method : Player I1

erties e
lem for Pl
problem

subjact o

H
Metimimize (X,
CRLC[3]] - E2L(2]]) -7 - awd} /7 (EL[[1]].
C(RI[[2]] + BIL(2]]) .7 - awd) /7 (E1[[2]].
CCRLL[3]] - EAL(3]]) - - awd} / (ELL[2]].
({R20I110 « E20[110) . ¥ - aw2} / (E2[[1]].
C(RZLI210+ E2L2]0) . ¥ - a2} 7 (E2[[2]].
((R2[[3])] + E2([3]]) .¥ - aw2) f (E2[[3]].
CARIC[LI] « EIL[L]]) .y - aned} £ {EI[[1]].
((RIC[21]+ EI[2]0) . ¥ - awd} / (E3[[2]].
((RILI31] + EICOATD) .y - aned} S (EI[[3]].
¥ley2+ydm 1,591z 0, o, ¥yl 0},

The results for Player I1 are obtained with a de

111.2 Multiobjective matrix game with
fuzzy payoffs and fuzzy go

als (3/3)

nstraints, the initial nonlinear p
)83) retains the following equiy

gramming prob
lent programming

satisfaction of 58.5 per cent.

y+abl-awl) s A,
y+abl-anl) = &,
y+abl-anl) 5 A,
¥ +ab? - a2} 3 3
y+ab?-an?) 1 2,
¥ +ah? - a2} <

¥ +ahd - ard)

¥ + a3 - aed)

¥ +ahd - anrl)
¥, ¥2,
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Thank You for attention !
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